The energy decay and blow-up of a solution for a Kirchhoff equation with dynamic boundary condition are considered. With the help of Nakao's inequality and a stable set, the energy decay of the solution is given. By the convexity inequality lemma and an unstable set, the sufficient condition of blow-up of the solution with negative and small positive initial energy are obtained, respectively.
Introduction
The aim of this article is to study the energy decay and blow-up of a solution of the following Kirchhoff-type equation with nonlinear dynamic boundary condition:
u(, t) = u xx (, t), t > , ()
u xx (l, t) + u x (l, t) = , t > , ()
u(x, ) = u  (x), u t (x, ) = u  (x),  < x < l, In this paper, we use the idea of references [] to get the energy decay and blow-up of the solution for problem ()-(). We construct a stable set and an unstable set, which is similar to [] . By the help of Nakao's inequality, combining it with the stable set, we get the decay estimate. We find that the set of initial data such that the solution of problem 
Assumptions and preliminaries
In this section, we give some preliminaries which are used throughout this work.
We 
Take x = l, we get the first inequality of (). Integrating the above inequality over [, l], we get the second part of (). From the following equation
and the Cauchy inequality, we can get the result of () with the help of ().
Lemma . [] Let φ(t) be a non-increasing and nonnegative function on [, ∞) such that
where C, ω are positive constants depending on φ() and other known qualities.
Lemma . [] Suppose that a positive, twice-differentiable function H(t) satisfies on t ≥  the inequality
and it satisfies the following identity
In this paper, we always assume that a local solution exists for problem ()-(). In order to study the energy decay or the blow-up phenomenon of the solution of problem ()-(), we define the energy of the solution u of problem ()-() by
The initial energy is defined by
Then, after some simple computation, we have
That is to say, E(t) is a non-increasing function on [, ∞). Moreover, we have
We denote
We can now define a stable set and an unstable set []
Energy decay of the solution
In order to get the energy decay of the solution, we introduce the following set:
where
Adapting the idea of Vitillaro [], we have the following lemma. 
Lemma . Suppose that u is the solution of
Proof By () and (), we have
By (), we have
then () holds since G( u xx ) > . Furthermore, we have
So () holds. Similar to (), the above equality becomes
Theorem . Let p > , ( u xx , E()) ∈  , and u be the solution of problem ()-(), then there exist two positive constants l and θ independent of t such that
Proof From (), we have
Now, for the above estimate and the mean value theorem, we choose t  ∈ [t, t + 
Multiplying equation () by u and integrating over [, l] × [t  , t  ], by the boundary conditions () and (), we have
Now, we estimate the terms of the right-hand side of (). By (), (), () and the Young inequality, we have
≤ εE(t) + C(ε) E(t) -E(t + ) . (   )
It follows from (), (), (), () and the Young inequality that
≤ εE(t) + C(ε) E(t) -E(t + ) . (   )
From (), we get
l, s) ds ≤ C E(t) -E(t + ) . (   )
From the Young inequality, (), (), () and from the fact that E(t) is non-increasing, we arrive at
u ds ≤ εE(t) + C(ε) E(t) -E(t + ) . (   ) By the Young inequality, (), (), (), () and the fact that E(t) is non-increasing, we obtain
I  = t  t 
u(l, s) u t (l, s) ds ≤ εE(t) + C(ε) E(t) -E(t + ) . (   ) http://www.boundaryvalueproblems.com/content/2013/1/166
Substituting ()-() into (), we get the estimate
On the other hand, it follows from () that
Then we have
Therefore, by (), () and (), we arrive at
Then, using (), t  < t + , and the fact that E(t) is non-increasing, we have
Since E(t) is non-increasing, combining this with (), () and (), we have
Choosing ε  sufficiently small, () leads to
then, applying Lemma ., we obtain the energy decay.
Blow-up property
In this section, we show that the solution of problem ()-() blows up in finite time if
Proof Since E(t) is non-increasing, and  < E() < E  , then  < E(t) < E  for t ≥ . Similar to the proof of Lemma ., we have
and the maximum value is g(λ  ) = E  . It is easy to verify that g(λ) is increasing for  < λ < λ  , decreasing in λ > λ  and g(λ) → -∞ as λ → +∞. Therefore, since E() < E  , there exists λ  > λ  such that g(λ  ) > E(). By (), we have g( u xx ) ≤ E() = g(λ  ), which implies u xx ≥ λ  . We claim that
Otherwise, we suppose that u xx (t  ) < λ  for some t  >  and by the continuity of u xx , we can choose t  such that u xx (t  ) < λ  . Again the use of () leads to Proof Let
where t  , T  , β are positive constants which will be fixed later (see Levine [] ). Then one finds
By () and (), we have
Taking  < β < -E() and noticing p > , we get
By the Hölder inequality, we have
Then, by (), (), () and the Cauchy-Schwarz inequality, we arrive at
Take t  sufficiently large such that
Noticing F() > , by Lemma ., we get the result. (ii) For the case of  < E() < E  , from (), (), () and (), we get The remainder of the proof is the same as the proof of Theorem ..
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